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Abstract 

The symmetric projective varieties of rank one are all smooth and 
Fano by a classic result of Akhiezer. We classify the locally factorial 
(respectively smooth) projective symmetric G-varieties of rank 2 which 
are Fano. When G is semisimple we classify also the locally factorial 
(respectively smooth) projective symmetric G-varieties of rank 2 which 
are only quasi-Fano. Moreover, we classify the Fano symmetric G-varieties 
of rank 3 obtainable from a wonderful variety by a sequence of blow-ups 
along G-stable varieties. Finally, we classify the Fano symmetric varieties 
of arbitrary rank which are obtainable from a wonderful variety by a 
sequence of blow-ups along closed orbits. 
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A Gorenstcin (projective) normal algebraic variety X over C is called a Fano 
variety if the anticanonical divisor is ample. The Fano surfaces are classically 
called Del Fezzo surfaces. The importance of Fano varieties in the theory of 
higher dimensional varieties is similar to the importance of Del Pezzo surfaces 
in the theory of surfaces. Moreover Mori's program predicts that every uniruled 
variety is birational to a fiberspace whose general fiber is a Fano variety (with 
terminal singularities). 

Let 9 be an involution of a reductive group G (over C) and let if be a closed 
subgroup of G such that G^ C H C No{G^). A symmetric variety is a normal 
G- variety with an open orbit isomorphic to G/H. The symmetric varieties are a 
generalization of the toric varieties. The toric smooth Fano varieties with rank 
at most four are been classified. By |AlBr04| . Theorem 4.2 there is only a finite 
number of Fano smooth symmetric varieties with a fixed open orbit. In jRu07] 
we have classified the smooth compact symmetric varieties with Picard number 
one and G semisimple, while in [RulOj we have given an explicitly geometrical 
description of such varieties; they are automatically Fano. 

In this work, we want to classify the Fano symmetric varieties with low rank 
(and G semisimple). First, we consider a special case of arbitrary rank. We say 
that a variety X is quasi Q-Fano if —Kx is a nef and big Q-divisor. Fixed an 
open orbit G/H with G semisimple, there is a unique maximal compactifica- 
tion between the ones which have only one closed orbit. Such variety is called 
the standard compactification. If it is also smooth, it is called the wonderful 
compactification; this is the case, for example, \i H — Nc{G^) (see |dCoPr83] . 
Theorem 3.1). We prove that the standard symmetric varieties are all quasi 
Q-Fano and we describe when they are Fano. We determine also the symmet- 
ric Fano varieties obtainable from a wonderful one by a sequence of blow-ups 
along closed orbits. In particular, we prove that such a variety must be either a 
wonderful one or the blow-up of a wonderful one along the unique closed orbit. 
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Next we consider the symmetric varieties of rank at most three. The rank 
of a symmetric variety X is defined as the rank of C(X)(^^/C*, where B is 
any fixed Borel subgroup of G. The symmetric varieties with rank one are ah 
wonderful; moreover one can show that they are isomorphic, under the action 
of Aut^{X), either to a projective homogeneous variety G/P with P maximal, 
or to P" X P" (see [X83] V Thus they are all Fano. 

We classify all the locally factorial (resp. smooth) Fano symmetric varieties 
of rank 2. When G is semisimple, we classify also the locally factorial (resp. 
smooth) symmetric varieties which are only quasi-Fano. In the proof of such 
result we obtain a classification of the toroidal Fano varieties of rank 2 with G 
semisimple (without assumption on the regularity). 

Finally, we classify the smooth Fano symmetric varieties of rank three which 
are obtainable from a wonderful one by a sequence of blow-ups along G-subvarieties 
(in particular G is semisimple). This class of varieties is quite large; indeed any 
compact symmetric variety is dominated by a variety obtained from the wonder- 
ful one by a sequence of blow-ups along G-subvarieties of codimension two (see 
[dCoPrSS] . Theorem 2.4). This result on 3-rank varieties can be generalized to 
varieties obtainable from a generic wonderful varieties of rank 3 by a sequence 
of blow-ups along G-subvarieties (without suppose G/H symmetric). 

1 Introduction and notations 

In this section we introduce the necessary notations. The reader interested to 
the embedding theory of spherical varieties can see |Kn91j , jBr97a| or |T06) . In 
[Vu90) is explained such theory in the particular case of symmetric varieties. 

1.1 First definitions 

Let G be a connected reductive algebraic group over C and let 9 be an involution 
of G. Given a closed subgroup H such that G^ <Z H <Z Ng{G^), we say that 
G/H is a symmetric space and that _ff is a symmetric subgroup. A normal 
G-variety is called a spherical variety if it contains a dense i3-orbit {B is a 
chosen Borel subgroup of G). We say that a subtorus of G is split if 9{t) = t^^ 
for all its elements t; moreover it is a maximal split torus if it has maximal 
dimension. A maximal torus containing a maximal split torus is maximally 
split; any maximally split torus is 9 stable (see |T06| . Lemma 26.5). We fix 
arbitrarily a maximal split torus and a maximally split torus T containing 
T^. Let Rg be the root system of G w.r.t. T. We can choose a Borel subgroup 
T C B such that, for any positive root a, either 9{a) = a or 9{a) is negative. 
Moreover, BH is dense in G (see |dCoPr83] . Lemma 1.2 and Proposition 1.3). 
In particular, every normal equivariant embedding of G/H is spherical; we call 
it a symmetric variety. 

We can assume that G is the direct product of a simply connected, semisim- 
ple group with a central split torus. 

1.2 Colored fans 

Now, we introduce some details about the classification of the symmetric va- 
rieties by their colored fans (this classification is defined more generally for 
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spherical varieties). Let D{G/H) be the set of B-stable prime divisors of G/H\ 
its elements are called colors. We say that a spherical variety is simple if it con- 
tains one closed orbit. Let X be a simple symmetric variety with closed orbit 
Y . We define the set of colors of X as the subset D{X) of D{G/H) consisting 
of the colors whose closure in X contains Y . To each prime divisor D of X, 
we can associate the normalized discrete valuation vd of C{G/H) whose ring is 
C'x,D', D is G-stable if and only if vd is G- invariant. Let N be the set of all G- 
invariant valuations of C{G/H) taking value in Z and let N{X) be the set of the 
valuations associated to the G-stable prime divisors of X. Observe that each ir- 
reducible component of X \ [G / H) has codimension one, because G/H is affine. 
Let 5 := T/ Tn ~ T • (eH/H). One can show tha t the g roup C{G/H)^^^ / C* 
is isomorphic to the character group x{S) of S (see |Vu90| . §2.3); in particular, 
it is a free abelian group. We define the rank I of G/H as the rank of x{S)- We 
can identify the dual group Homj,{C{G/ H)^^^ C* ,Z) with the group x* {S) of 
one-parameter subgroups of S; so we can identify x*(S')r with ifomz(x(5), M). 
The restriction map to C(G/ff)(^VC* is injective over N (see |Br97a| . §3.1 
CoroUaire 3), so we can identify A'' with a subset of x*('S')k- We say that N is 
the valuation monoid of G/H. For each color D, we define p{D) as the restric- 
tion of Vd to x(S'). In general, the map p : D{G/H) — > x*{S)r is not injective. 
Let C{X) be the cone in x*{S)r generated by N{X) and p{D{X)). We say that 
the pair {C{X), D{X)) is the colored cone of X; it determines univocally X (see 
|Br97a| . §3.3 Theoreme). 

Let Y be an orbit of a symmetric variety X. The set {x € X \ G ■ x D Y} 
is an open simple G-subvariety of X with closed orbit Y, because any spherical 
variety contains only a finite number of G-orbits. Let {Xi} be the set of open 
simple subvarieties of X and define the set of colors of X, D{X), as IJie/ D{Xi). 
The family J-{X) := {{C{Xi), D{Xi))}i^j is called the colored fan of X and de- 
termines completely X (see [Br97a| . §3.4 Theoreme 1). Moreover X is compact 
if and only if cone{N) is contained in the support |^(-'^^)| := Uie/ ^(^0 of the 
colored fan (see |Br97a) . §3.4 Theoreme 2). 

Given a symmetric variety X we denote by A (or by Ax) the fan associated 
to the colored fan oi X, by A(z) the set of i-dimensional cones in A and by 
A[p] the set of primitive generators of the 1-dimensional cones of A. The fan 
A is formed by all the faces of the cones G such that there is a colored cone 
{C,F) S J^{X). The toric varieties are a special case of symmetric varieties. If 
X is a toric variety, then D{G/H) is empty and we need only to consider the fan 
Ax (actually the theory of colored fans is a generalization of the classification 
of toric varieties by fans). 

1.3 Restricted root system 

To describe the sets N and p{D{G/ H)), we associate a root system to G/H. 
We can identify x{T^)r with x(5')r because [x('S') : x{T^)] is finite. We call 
again 6 the involution induced on x(T)r. The inclusion C T induces an 
isomorphism of x(2^^)r with the (— l)-eigenspace of x(2^)r under the action of 
e (see [T06| . §26). Denote by Wg the Weyl group of G (w.r.t. T). We can 
identify x(^^)r with its dual x*(^^)r by the restriction (•,•) to x{T^)r of a 
fixed VFc-invariant non-degenerate symmetric bilinear form on x{T)r ■ Let Rq 
be the set of roots fixed by 9 and let i?^ be Rg\Rg- Let := i?^ n 

The set Rce := {/3 - 9{P) \ P e i?^} is a root system in x(5')k (see fV^SO) . 
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§2.3 Lemme), which we call the restricted root system of (G,9); we call the non 
zero /3 — 9{(5) the restricted roots. Usually we denote by /3 (resp. by a) a root 
of Rg (resp. of i?G,e); often we denote by ru (resp. by uj) a weight of Rq 
(resp. of i?G,e)- We denote by Rq — /?„} the basis of Rq associated 

to B and by zui, n7„ the fundamental weights of Rq- Let Rq be Rq H Rq. 
There is a permutation 9 of i?^ such that, V/3 S i?^, 6'(/3) + 9{P) is a linear 
combination of roots in Rq. We denote by ai, the elements of the basis 

RG,e '■= {/3 — 9{f3) I /3 G -Rq} of -Rg,0- If Rce is irreducible we order Rce as in 
|Bo68) . Let bi be equal to ^ if 2ai belongs to Ro.e and equal to one otherwise; 
for each i we define as the coroot j^^^^cii. The set {a^ , a^} is a basis of 
the dual root system Rq g. We call the elements of Rq g the restricted coroots. 
Let be the fundamental weights of Rg,9 w.r.t. {ai, as} and let 

uji , ...iW^ be the fundamental weights of Rq g w.r.t. {a^, Let C+ be 

the positive closed Weyl chamber of x('S')r and let — C+. 

We say that a dominant weight zu G x(^) is a spherical weight if V^vu) 
contains a non-zero vector fixed by G^. In this case, V{vu)'~^ is one-dimensional 
and 9{-cu) — —zu, so zu belongs to x('5')k- One can show that set of dominant 
weights of i?G,e is the set of spherical weights and that is the intersection of 
x(5')r with the positive closed Weyl chamber of Rq- Suppose fSj — 9{fij) — a^, 
then uji is a positive multiple of ujj -\- '^~g(^jy More precisely, we have uji = 

zuj + ^e{j) if ^(j) 7^ jj = 2cc7j if 9{j) — j and /3j is orthogonal to Rq and 
= ruj otherwise (see |ChMa03] . Theorem 2.3 or ffU6] . Proposition 26.4). We 
say that a spherical weight is regular if it is strictly dominant as weight of the 
restricted root system. 

1.4 The sets and D{G/H) 

The set N is equal to C~ n x*(5'); in particular, it consists of the lattice vectors 
of the rational, polyhedral, convex cone C~ = cone{N). The set p{D{G / H)) is 
equal to Rq g and any fibre /9^^(a^) contains at most 2 colors. For any simple 
spherical variety X, N{X) is formed by the primitive generators of the 1-faces 
of C{X) which are contained in cone{N). When X is symmetric, also p{X) 
can be recovered by C{X): its elements generate the 1-faces of C{X) which are 
not contained in . We say that {G,9) indecomposable if the unique normal, 
connected, 0-stable subgroup of G is the trivial one. In this case the number 
of colors is at most equal to rank{G/H) + 1. If 6* is indecomposable then 
there are three possibilities: i) G is simple; \\) G = G x G with G simple and 
9{x,y) = {y,x); iii) G = C* and 9{t) = t'^ . See |Wa72j . §1.1 for a classification 
of the involution of a simple group. In jWa72) (and in |RulOj . §1) are also 
indicated the Satake diagrams of the indecomposable involutions. The Satake 
diagram of any involution (G, 9) is obtained from the Dynkin diagram of G as 

follows: 1) the vertices corresponding to element of i?^ (resp. of r!q) are black 
(resp. white); 2) two simple roots /?i,/32 G Rq such that 9{j5i) — ^2 are linked 
by a double-headed arrow. 

If 'iD{G/H) > rankiG / H) and {G,9) is indecomposable, we have two pos- 
sibilities: 1) = i? = iVG(G^); 2) 77 = G^ and [G^ : NqIG'')] = 2. In the last 
case any element of Nq{G^)\G^ exchanges two colors and Rce has type Ai, 
B2 or G„. We say that a simple restricted root a is exceptional if '^p~^{a^) = 2 
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and 2a is a restricted root. In this case the irreducible factor of Rc.e containing 
a is associated to an indecomposable factor of G/G^ as in 1). We say that also 
{G,9) and any symmetric variety (with open orbit G/H) are exceptional. We 
denote by Da the sum of the colors in p^^(a^) and by the G-stable divisor 
corresponding to (R^°w, 0) e ¥{X). 

1.5 Toroidal symmetric varieties 

In this section we want to define a special class of varieties. We say that a 
spherical variety is toroidal if D{X) = 0. Let (C, F) be a colored cone of 
X, we say that the blow-up of X along the subvariety associated to {G,F) is 
the blow-up of X along {C,F). In the following of this section we suppose G 
semisimple. Then there is a special simple compactification of G/H because 
Ng{H)/ H is finite. This compactification, called the standard compactification 
Xq, is associated to {cone{N), 0) and it is the maximal simple compactification 
of G/H in the dominant order. We define as the primitive positive multiple 
of — (in x*(*S')), so Ajs:(,[p] = {ei,...,ez}. The standard compactification is 
wonderful (i.e. it is also smooth) if and only if x*{S) ~ ©^e^. De Concini 
and Procesi have proved that Xq is wonderful if iJ = Ng{G^), or equivalently 
X^{S) = 0Zw/ (see |dCoPr83j Theorem 3.1). 

The standard compactification Xq contains an affine toric 5- variety Zq, 
which is a quotient of an afhne space by a finite group. The toroidal varieties 
are the symmetric varieties which dominates the standard compactification and 
are in one-to-one correspondence with the S'-toric varieties which dominates Zq. 

Let P be the stabilizer of the B-stable afhne open set U := Xo\ Ud(g/h) ^■ 
This open set is P-isomorphic to x Zq, where i?„P — Y[i3£b.^ + ^'^ *he 
unipotent radical of P and dimZo — rankX^. To any toroidal variety X we 
associated the inverse image Z of Zq by the projection X Xq. Moreover, 
X \ U_D(G/H) ^ P-isomorphic to P„P x Z . The toroidal varieties are also in 
one-to-one correspondence with a class of compact toric varieties in the following 
way. To a symmetric variety X , we associate the closure Z'^ oi Z in X\ Z'^ is 
also the inverse image of Z^. The fan of Z is the fan Ax associated to the 
colored fan of X, while the fan of Z'^ consists of the translates of the cones of 
Z by the Weyl group Was = Ng,{T^)/Ggo(J^) of Rgs- 

1.6 The Picard group 

The class group of a symmetric variety is generated by the classes of the in- 
stable prime divisors modulo the relations div{f) with / G C{G/HY-^\ Indeed 
Cl{BH/H) = Pic(BH/H) is trivial. Given uj G x(5) we denote by the 
element of CiG/H)^^") with weight uj and such that fu,{H/H) = 1. 

A Weyl divisor ^BeDiG/H) ^dD + '^EeN{x) ^eE is a Cartier divisor if and 
only if, for any {G,F) e J^iX), there is he & x{S) such that hc{E) = oe 
yp e C and hc{,p{D)) = an e P. Let PL'{X) be the set of functions 
on the support |J^(X)| such that: I) are linear on each colored cone; 2) are 
integer on x*{S) n \F{X)\. Let L{X) C PL'{X) be the subset composed by 
the restrictions of linear functions and let PL{X) := PL'{X)/L{X). The {he}, 
corresponding to any Cartier divisor, defines an element of PL{X). If X is 
compact, there is an exact sequence (see |Br89] . Theoreme 3.1): 
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-> ZL> ^ Pic{X) PL{X) 0. 

DeD{G/H)\D(X) 

A Cartier divisor is globally generated (resp. ample) if and only if the 
associated function is convex (resp. strictly convex) and hc{p{D)) < ajj (resp. 
hc{p{D)) < an) \I{C,F) S F{X) and VZ? £ D{G/H) \ F. Given any linearized 
line bundle L, the space H^{X,L) is a multiplicity free G-module and, if L is 
globally generated, the highest weights of H^{X,L) are the elements of x(S') fl 
hull{{hc}dimC=i)i where hull{{xi, ...,Xm}) is the convex hull of xi, ...^Xm (see 
[Br89| ■ §3). Thus, a Cartier divisor on a projective symmetric variety is nef if 
and only if it is globally generated. Moreover, a nef G-stable Cartier divisor 
on a projective symmetric variety is big if and only if the associated piecewise 
linear function h is such that (X]ceA(/) ^Ci R^) ^ for each irreducible factor 
i?^ of i?Q g (see |Ru09| Theorem 4.2). In particular, when is indecomposable 
every non-zero nef G-stable divisor is big. When X is toroidal we have an exact 
split sequence 

PiciXo) -> Pix{X) Pic{Z) 0. 

A normal variety X is locally factorial if the Picard group is isomorphic 
to the class group, while X is Q-factorial if Pic{X)Q = CI{X)q. A simple 
symmetric variety associated to a colored cone (G, F) is locally factorial if: i) 
G is generated by a subset of a basis of x*{S) and ii) p is injective over F 
(see [Br97b| for a general statement in the spherical case) . When the variety is 
toroidal the locally factoriality is equivalent to the smoothness. 

An anticanonical divisor —Kx of X is J2a£R^ g ciaDa + '^e£N{x) ^ with 

a^uja = 2p — 2pQ. Here 2p := 2/9^^ = J^aGR''' '^^ '^^ positive 

roots of while 2pQ :~ 2pj^o^ is the sum of the positive roots in Rq. 

Let k (or kx) be the piecewise linear function associated to —Kx- The 
anticanonical divisor —Kx is linearly equivalent to a unique G-stable divisor 
—Kx- The piecewise linear function k (or kx) associated to —Kx is equal 
to k-2p + 2po over N{X) and to over p{D{X)). Indeed -Kx is -Kx + 
'^^^dloGflc e -^a")' fa £ C{G / H)'-^'' is an equation of Da (of weight uja). 

In particular k = k — 2p + 2pQ ii X is toroidal. 

2 Standard symmetric varieties 

In the following, unless explicitly stated, we always suppose G semisimple (we 
will consider the general reductive case mainly in ^5.3]) . Moreover, we often 
denote the normalizator Nq{H) by N{H). In this section we show that all the 
standard symmetric varieties are quasi Q-Fano varieties; moreover we classify 
the Fano ones. When the rank of G/H is one, the standard compactification 
Xq of G/H is the unique G-equivariant compactification. In such a case Xq 
is an homogeneous projective variety w.r.t. Aut'^{X) by jA83[ : moreover it is 
wonderful and Fano, because either it is P" x P" or it has Picard number one. 

First of all, we reduce ourselves to the indecomposable case. Write (G, 9) 
as a product Yii^j^^) of indecomposable involutions and let Xj be standard 
compactification of Gj/{Gj fl H). 
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Figure 1: Non Q-Fano standard indecomposable symmetric varieties 



Lemma 2.1 The variety X is (quasi) Q-Fano if and only if all the Xi are 
(quasi) Q-Fano. 

Proof. The weight kx is equal to ^ fcx;- 

A standard symmetric variety is always Q-factorial; in particular, Kx is a 
Q-Cartier divisor. Moreover, if X is wonderful then also the Xj are wonderful 
and X = J|Xj (see |Ru09| Corollary 2.1). We have the following theorem: 

Theorem 2.1 Let X be a standard indecomposable symmetric variety. Let n 
be the rank of G and let I be the rank of X . Then: 

• The anticanonical divisor of X is always a nef and big Q-divisor. 

• Suppose X wonderful. Then it is not a Fano variety if and only: i) if the 
involution induced on x(S')k is —id; ii) Rcfi is different from An and Bn,' 
Hi) H ^ NaiG"). 

• The standard indecomposable varieties whose anticanonical divisor is not 
ample are compactifications of the symmetric spaces in Figure [7J 

Proof. We have to determine when {kc-,C(i) < for each i S {l,...l}. We 
can write —2p + 2po as the sum of the spherical weights — 2p = —2 y],, -gi Wj 

and2po = -2 X^^.g^^j^ Write /3j-6'(/3j) ^ a„ so {kc- ,ai) = 2{kc-,Pj) 

and (2po,ai) = ^Pa^Pj) < 0. Thus (-2p + 2po)(aj^) = -1 if = 2mj 
and (— 2/9 + 2/9o)(a^) < —2 otherwise. Suppose now H autonormalizing, i.e. 
H = N{G^); the case where H C N{H) is very similar. We want to study 
kQ- = — o^i- the expression of the Cartan matrix of Rce, k(j- (a^) < 1 
for each i. Therefore kc- is always anti-dominant. If k(j- is not regular, then 
there is (a unique) ai = 2(3 j S Rcfi such that kx{c^'i) = 1; in particular G is 
simple. By the classification of the involutions by their Satake diagrams, kc- 
is not regular if and only ii 9 — —id over x(S') and Rcfi is different by Ai and 
Bi. □ 
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3 Blows-ups along closed orbits 



In this sections we want to prove a partial result in arbitrary rank. We restrict 
ourselves to the smooth toroidal case. For the toric varieties of rank 2 one can 
easily proves the following property (*): 

Let Z be a smooth toric variety of rank 2 and let Z' be a smooth toric variety 
birationnaly proper over Z. If the anticanonical bundle of Z' is ample, then also 
the anticanonical bundle of Z is ample. 

This allows to prove easily that a smooth toric variety proper over with 
ample anticanonical bundle is either or its blow-up in the origin. We would 
like to use a similar property to classify the smooth toroidal Fano symmetric 
varieties. Unfortunately the previous property (*) is false already in rank three. 
Indeed, let Z be the 3-dimensional toric variety whose fan A has maximal cones 
cone(ei, 62, 63) and cone(ei, 62, ei + 62 — 63), where {61,62,63} is any basis of 
X*{S)- The function associated to its anticanonical bundle is linear, so —Kz 
is nef but non-ample. Furthermore, the blow-up Z ' of Z along 60716(61,62) is 
Fano. We can take Z x A™ as higher dimensional example. 

In the previous example, we have considered a blow-up along a subvariety 
with strictly positive dimension. Now, we prove a property similar to (*) con- 
sidering only blow-ups along compact orbits, i.e. S'-fixed points. In the next 
section, we prove a much stronger statement when the rank is three. 

Lemma 3.1 Let Z be a smooth l-dimensional toric variety whose fan contains 
two l-dimensional cones (t+ and (T_ such that: i) cr+ fl it_ has dimension I — 1 
and ii) fT+ U (t_ is strictly convex. Assume moreover that the piecewise linear 
function associated to the anticanonical bundle of Z is not strictly convex on 
(T_i_ U (J_ . Then the anticanonical bundle of any toric variety obtained from Z 
by a sequence of blow-ups centred in S -fixed points is not ample. 

We can reformulate the first hypothesis in a more combinatorial way. Indeed, 
we can write cr-|- ~ eon6(ui, w/_i, w+) and cr_ = cone{vi, w/_i, V-) with 
wi, w/_i, w+, f_ primitive and w+ -I- w_ — '^aiVi, where the Oj are positive 
integers, not all zero. 

Proof of Lemma \3.1\ The anticanonical bundle of a variety with satisfies the 
hypotheses of the lemma is not ample. Thus, it is sufficient to show that the 
blow-up Z' of Z centered in any a € A(Z) satisfies again the hypotheses of the 
lemma. We can suppose a = a+hy symmetry. Then the fan of Z' contains (t_ 
and a' := cone{vi, u/_i, v+-\-^Vi). We have {v+-\-^Vi)-^v^ = + 
so Z' satisfies the hypotheses w.r.t. (t_ and a' . □ 

Now we can classify the toric varieties with ample anticanonical bundle which 
are obtained from A' by a sequence of blow-ups centered in S'-fixed points. 

Proposition 3.1 Let Z be a smooth toric variety with ample anticanonical bun- 
dle which is obtained from A' by a sequence of blow-ups centered in S-fixed 
points, then it is either A' or the blow-up of A' in the S-fixed point. 

Proof. One can easily see that the blow-up Zi of A' in the S-stable point has 
ample anticanonical bundle. The blow-up of Zi in the S'-fixed point correspond- 
ing to cone(6i, Cj, 6;, ^ 6i) satisfies the hypotheses of the previous lemma 
w.r.t. cone(6i, ...,6/1, ...,6i,X)Li ^^») and eo7i6(ei, e/i, e^, 6/, J^l^iC^, 
2Yfi=i E-i - ej), where h^ j. □ 
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Thus, a symmetric variety obtained from a wonderful one by a sequence 
of blow-ups along closed orbits can be Fano only if it is either the wonderful 
variety or its blow-up along the closed orbit. We have already considered the 
wonderful case. Now, we prove that, when such blow-up is Fano, the rank of 
every indecomposable factor of Rg.o is at most 3. 

Lemma 3.2 Let Xi^...^; be the blow-up of the wonderful compactification of 
G/H and suppose that Rcfi contains an irreducible factor of rank at least three. 
If 'is Fano then it is indecomposable, has rank 3 and H C N{G^). 

Proof. The weights {kc} associated to —Kx^ , are A.; — -~2p + 2po — {I — 
+ J2j^i with i = 1, /. First, suppose G/H indecomposable and write 
e* = -x^a^. U H C A^(G^), then Rce has type Ai, B2 or C;. 

We consider two cases. First, suppose that there is Ph G Rq orthogonal 
to R%. Write - 0(/3^) = a,, so > (Aj,aJ) = (-2p + 2po,a])) + {{I - 
2)xja],a]) ~ x^at,OL)) > -2 + 2{l - 2)xj + 0. Observe that x'^ < 2, 

so Z = 3 and C Af(G^). 

If there is not such a root, we have the following possibilities: 1) 9 has type 
All and G/G^ is SL21+2/SP21+2; 2) has type CII and G/G'^ is Sp2n/{Sp2i x 
Sp2n~2i)\ 3) 9 has type Dili and G/G^ is S04i+2/GL2i+i. Then there are 
/33, e R% orthogonal to Sg\{/^3' -^s} and /34 G Rq such that 02 = /^s -t- 2fi4 + 
P5. Moreover, (/^Sj/^s) = {Pa, Pa) = {P5-,Pb), = (fe|fe) Q'2 and = 1 if i < L 
ThusO> (A2,a^) = (-2p + 2po,«^)) + (/-2)(a2,a^)-(ai,a^)-X3(a3,a^) > 
-A + 2{l-2) + l + X3, so we have again I = 3 and H C 7V(G''). 

Finally, suppose 6* decomposable. Let {G,9) = {Gi,9i) x (G2,6'2) with Z' := 
rank (Gi/Gi) > 3 and define the weight A^ for Gi in an analogous way to 
the Ai. We have A^ = A- — (Z — l')e* + oj where uj is orthogonal to Rgi,0- 
By the previous part of the proof there is always an i with X'^{a^) > —1, so 
Ma^) > Kic^'i) + U^^^^t) > 0: a contradiction. □ 

By an explicit analysis of the indecomposable involutions of rank at most 
three we obtain: 

Theorem 3.1 Let G/H be a symmetric space of rank I (> 1) associated to 
an involution 9 and let X be a compact symmetric variety obtained from the 
wonderful compactification of G/H by a sequence of blow-ups along closed orbits. 

L If X is a Fano variety then either it is the wonderful variety Xq or it is 
the blow-up of X along the closed orbit. 

2. If there is an indecomposable factor of (G, 9) of rank at least 3 then 
is not Fano. 

3. If (G, 9) has rank at least 6 and has an indecomposable factor of rank 2, 
then Xi ; is not Fano. 

4. If Xi I is Fano, the possibilities for the indecomposable factors of G/H 

are as in Figure\^ (we indicate also the eventual conditions on rank G/H 
so that such a factor can appear). 
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Figure 2: Fano Xi,,,,^i 



4 Regular Fano varieties of rank 3 

In this section we suppose Xq wonderful; recall that {61,62,63} is the basis of 
X*{S) which generates C~ . We classify all the Fano symmetric varieties obtain- 
able by a wonderful symmetric variety of rank three from Xq by a succession of 
blow-ups along G-subvarieties. This class of varieties contains many varieties; 
indeed each compact symmetric variety is dominated by a smooth toroidal va- 
riety obtained by a succession of blow-ups along G-subvarieties of codimension 
two. We begin proving a result similar to Lemma l3. II 

Let Z be the toric variety whose fan A has maximal cones cone{vi,V2TV+) 
and cone{vi,V2,V- = XiVi + X2V2 — v+), where {ui,U2,w+} is a basis of x*{S), 
X1+X2 > and xi > X2 > 0. The anticanonical bundle of Z is ample if and only 
if xi = xi -|-a:2 = 1- In this case, Z is the blow up of A"^ along a stable subvariety 
of codimension 2. Moreover, the anticanonical bundle of Z is nef, but non-ample 
if and only if xi + X2 = 2. We have two possibilities: either + v- = vi + V2 
or v+ + V- = 2vi . In the first case we have a variety isomorphic to the variety 
Z of the previous section. This is the more problematic case, so we will study 
it in a second time. 

Lemma 4.1 Let Z be a smooth 3- dimensional toric variety whose fan contains 
two maximal cones cone(vi,V2,V-^-) and cone{vi^V2,v^) such that w+ + u_ — 
XiVi -\-X2V2, where Xi and X2 are integers with Xi > X2 > 0. Suppose moreover 
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that Xi > 2. Then the anticanonical bundle of any toric variety Z' obtained 
from Z by a sequence of blow-ups along S-subvarieties is not ample. 

Proof. Remark that the anticanonical bundle of Z is not ample. We say that 
a variety satisfies weakly the hypotheses of the lemma if xi + a;2 > 2 (instead of 
xi > 2). We use the following trivial observation: xi + X2 > 2 implies xi > 2. 
One can try to prove this lemma by induction as the Lemma l3.1l Unfortunately 
we can prove only the following weaker statement. 

Lemma 4.2 Let Z be a toric variety which satisfies weakly the hypotheses of 
Lemma \4.1\ and let Z' be the blow-up of Z along a cone t. 

1. If T ^ cone{vi,V2), then Z' satisfies the hypotheses of Lemma \4.1\ 

2. If Z satisfies the hypotheses of Lemma \4.1\ then Z' satisfies weakly the 
hypotheses of Lemma \4.1\ 

Proof. We can suppose r C cone{vi,V2,v^) by symmetry. If r 7^ cone{vi, 
V2), we have three possibilities: r = cone(wi,w_), t = cone{v2,v^) and r — 
cone{vi,V2,v^). We always have Az'[p] = A2[p] U {v' := + bivi + 
with 61,62 G {0,1}- Moreover, Az' contains the cones cone(ui, U2, w+) and 
cone{vi, V2,v') and we have v' + v+ = {xi + bi)vi + {x2 + 62)^^1 with [xi + bi) + 
{x2 + 62) > 2, so Zi satisfies the hypotheses of the lemma. 

Finally let r — cone{vi, W2). The fan of Z' contains the cones cone{vi, vi + 
V2, w+) and cone{vi, vi + V2, w-). We have v+ + f _ = (a;i — X2)vi + a;2(fi + ^2) 
with (xi — X2) + X2 = xi > 2. □ 

Now, we consider the general case. We have a sequence Z = Zq ^ Zi ^ 
... Zi ... Zr = Z' where Zi^\ is the blow-up of Zi along the cone r^. Let 
Ai = A^. and let j be the maximal index such that Zj satisfies the hypotheses 
(w.r.t. corie(z/;i, u'2, w+) and corie(wi, ?«2, if-)). By the previous lemma ^j+i 
satisfies weakly the hypotheses, in particular its anticanonical bundle is not 
ample. By the maximality of j, ^j+i does not satisfies the hypotheses, so Zj^\ 
contains a variety isomorphic to Z. Let A be the fan of such variety. If A^ 
contains A then —Kz' is not ample. Otherwise there is a minimal h such that 
A is not contained in A/j+i. We claim that Zh+i satisfies the hypotheses of the 
lemma, a contradiction. 

By the previous lemma Tj = cone{wi,W2). We know that Zj+i satis- 
fies weakly the hypotheses w.r.t. (t+ = cone{wi,wi -\- W2,w+) and cr_ = 
cone{uJi,wi -\- W2,W-). Moreover, the open subvariety of Zj^i with maximal 
cones (7+ and a- is isomorphic to Z. By the Lemma 14.21 2) we can suppose 
Th = cone{wi, wi -\- W2). 

The fan of contains two cones cone ( 4-u'2, w+, 2i«i+W2) and cone{wi-\- 
W2, w+, w'), with w' — W2 -\- xi{wi -\- W2) + X2W+ and xi,X2 > 0. There- 
fore Zh+i satisfies the hypotheses of the lemma w.r.t. these cones. Indeed 
{2wi + W2) + w' = (2 + a;i)(wi + W2) + X2W+. □ 

Now we want to study the varieties which contain an open subvariety iso- 
morphic to Z. Observe that these varieties are never Fano varieties. Let Z be 
such a variety and let Z' be the blow-up of Z along the subvariety of Z associ- 
ated to cone(ei, 62). We prove that, if Z' satisfies the hypotheses of Lemma HTTl 
then there are not Fano varieties obtainable from Z by a sequence of blow-ups. 
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Lemma 4.3 Let Z be a smooth 3- dimensional toric variety whose fan contains 
cone{vi, V2,V3) and cone{vi,V2,vi + V2 — fs) for suitable wi,W2,W3- Let Z' be 
the blow-up of Z along the stable subvariety corresponding to cone{vi,V2) and 
let Z" be a toric variety obtained from Z by a sequence of blow-ups along S- 
subvarieties. If the anticanonical bundle of Z" is ample, then Z" is obtainable 
from Z' by a sequence of blow-ups along S-subvarieties. 

Proof. We cannot proceed as in the previous lemma, because we do not know 
the other cones of Az- We have again a sequence Z — Zq Zi <^ ... ^ Zi ■h- 
... <r- Zh = Z" where tt^+i : Z^+i — Zi is the blow-up along r^. First of all, 
there is a (minimal) cone tj contained in cone{vi,V2,V3,vi + f 2 — v^), because 
otherwise the anticanonical bundle of Z" is not ample. By Lemma 14.11 tj is 
cone{vi, V2). We want to reorder the cones associated to the subvarieties along 
which we are blowing-up. Clearly this operation is not well defined in general. 

We consider the following sequence of blow-ups: Z = Zq 'S— Z[ ^ ... ^ Z'^ 'h- 
... ^ ^j+i: where tt'q : Z[ ^ Zq is the blow-up along r, and tt^^i : Z[^^ — > Z[ 
is the blow-up along Ti_i for each i > 1. Let = A^'- We show that these 
blow-ups are well defined and that ^j+i = ^j+i- 

The cone r^-i belongs to A^ for each 1 < i < j because Ti is contained 
in \/S.\\cone{vi,V2,v^,vi -\- V2 — W3) for each i < j. Moreover, the elements of 
A'j^(3) not contained in cone{vi, V2, vi -\- V2 — V3) are exactly the elements of 
Ao(3) \ {cone{vi,V2,V3),cone{vi,V2,vi -\- V2 - V3)}. 

Z is the union of the following two open S'-subvarieties: Ui whose fan has 
maximal cones corie(ui, W2, ^3) and cone{vi, V2,vi -\- V2 — V3); U2 whose fan has 
maximal cones A(3) \ {cone{vi,V2,V3),cone(vi,V2,vi -\- V2 —v^)}. 

The blow-up ttq induces an isomorphism between U2 and its inverse image, 
because cone{vi,V2) is not contained in any maximal cone of C/2- In the same 
way TTj induces an isomorphism between the inverse image of C/2 in Zj and its 
inverse image in Zj^i. So the inverse image of U2 in Zj^i is isomorphic to the 
the inverse image of U2 in ■^j+i- Moreover tt^- o ... o Tr'2 induces an isomorphism 
between (Tr'i)~^{Ui) and its inverse image. In the same way 7rj_io...o7ri induces 
an isomorphism between Ui and its inverse image. So the inverse image of Ui in 
Zj+i is isomorphic to the the inverse image of Ui in ^j+i. The lemmas follows 
because there is at most one morphism between two toric S'- varieties extending 
the identity automorphism of S. □ 

We now restrict the possible Fano symmetric varieties with rank three (and 
fixed G/H) which are obtainable as before to a finite explicit list. 

Proposition 4.1 The toric varieties obtainable from by a sequence of blow- 
ups and with ample anticanonical bundle are, up to isomorphisms: 

1. A3; 

2. a 2-blow-up of A^; 

3. the 3-blow-up of A^ ; 

4- the variety whose fan has maximal cones: cone(ei, ei -|- 62, ei + 62 + 63), 
cone{ei, 63, 61+62 + 63), con6(62, 63, 61+62 + 63) and cone{e2, 61+62, 61 + 
62 + 63). This variety is obtainable from A^ by two consecutive blow-ups 
along subvarieties of codimension two; 
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5. the variety whose fan has maximal cones: cone(ei, 63, ei + £2 + 263), 
cone(ei, 61+62 + 63,61+62 + 263), 00^6(61,62,61 + 62 + 63), con6(62,6i + 
62 + 63,61 + 62 + 263) and 6077.6(62,63,61 + 62 + 263). This variety is 
obtainable from by a 3-blow up followed by a 2-blow up. 

Proof. We proceed as follows: the anticanonical bundle of is ample, so 
we consider all the possible blow-ups of A^. Let Z he a. blow-up of A^: 1) 
if Z satisfies the hypotheses of Lemma 14.11 we know that there are not toric 
varieties with ample anticanonical bundle and obtainable from Z by a sequence 
of blow-ups; 2) if Z satisfies the hypotheses of the Lemma 14.31 we study the 
variety Z' of such lemma; 3) finally, if the anticanonical bundle Z is ample, we 
reiterate the procedure. Observe that a priori it is possible that Z belongs to 
none of the previous cases. In the following, if two blow-ups of a given variety 
are isomorphic, we examine only one of them. Given a toric variety Z, let A be 
its fan and let k be the piecewise linear function associated to —Kz- Suppose 
that all the maximal cones in A are 3-dimensional. Remember that —Kz is 
ample if and only if, given any cone C € A(3) and any v G A[p] with v ^ C, 
ikc){v) < 1- 

Let Zq = A'^; it has ample canonical bundle. Up to isomorphisms there are 
two blow-ups of A'^: the blow-up Zi along con6(ei, 62) and the blow-up Z2 along 

COne(6i,62,63). 

One can show that the anticanonical bundle of Zi is ample because Ai(2) = 
{cone{ei, 63, 61 + 62), con6(62, 63, 61 + 62)} and A[p] = {ei, 62, 63, 61 + 62}. The 
blow-ups of Zi are, up to isomorphisms: i) the blow-up Zn along cone(ei,e^)] 
ii) the blow-up Z12 along cone(6i, ei + 62); iii) the blow-up Z13 along cor7,6(6i + 
62, 62, 63); iv) the blow-up Zn along coneiei + 62, 63). 

The variety Zn satisfies the hypotheses of the Lemma l4.3l w.r.t. cone{e3, ei + 
62,61 + 63) and con6(63,6i + 62,62). Hence we have to study the blow-up 
Ziib of Zii along cone{e^, 61 + 62). This variety satisfies the hypotheses of the 
Lemma l473l w.r.t. con6(6i + 62, 61 +63, 61) and con6(6i +62, 61 + 63, 61 +62 + 63). 
Hence we have to study the the blow-up Zuc of Zm, along cor7,6(6i + 62, 61 + 63). 
Ziic satisfies the hypotheses of the Lemma [4.3l w.r.t. cone(6i+62, 61+62+63, 62) 
and eon6(6i+62, 61+62+63, 261+62+63). Hence we have to consider the blow-up 
Ziid of Ziic along cori6(6i + 62, 61 + 62 + 63). Znd satisfies the hypotheses of the 
Lemma HTTI w.r.t. con6(62, 61+62+63, 63) and cone{e2, 61+62+63, 261+262+63). 
Thus there are not toric varieties with ample anticanonical bundle and obtained 
from Zii by a sequence of blow-ups. 

Z12 satisfies the hypotheses of the Lemma [4.1l w.r.t. cone{e3, 61+62, 261 + 62) 
and con6(e3,6i + 62,62). Z13 satisfies the hypotheses of the Lemma 14.11 w.r.t. 
cone{e3, ei + 62, 61) and 60716(63, 61 + 62, 61 + 262 + 63). 

The anticanonical bundle of Zn is ample because Ai4(2) — {cone{ei + 
62, 61, 61 + 62 + 63), con6(6i, 63, 61 + 62 + 63), con6(62, 63, 61 + 62 + 63), cone{ei + 
62, 62, 61 + 62 + 63)} and A[p] {61, 62, 63, 61 + 62, 61 + 62 + 63}. The blow-ups 
of Zi4 are: i) the blow-up Z141 of Z14 along cori6(6i,6i + 62); ii) the blow-up 
Zi42 of Zi4 along con6(6i + 62, 61 + 62 + 63); iii) the blow-up Z143 of Z14 along 
6077,6(63, 61+62+63); iv) the blow-up Z144 of Z14 along eo776(62, 63, 61+62+63); v) 
the blow-up Z145 of Z14 along eo776(62, 61+62, 61 + 62 + 63); vi) the blow-up ^145 
of Zi4 along 60776(61, 63); vii) the blow-up Z147 of Z14 along eo776(6i, 61 + 62 + 63). 

The variety Z141 satisfies the hypotheses of the Lemma |4. II w.r.t. eo776(6i + 
62, 61+62+63, 62) and co7T,6(6i+62, 61+62+63, 261+62). The variety Z142 satisfies 
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the hypotheses of the Lemma 14.11 w.r.t. cone(ei,ei + 62 + e3,2ei + 2e2 + 63) 
and cone(ei, ei + 62 + 63, 63). The variety Z143 satisfies the hypotheses of the 
Lemma [4. II w.r.t. cone{ei, ei + 62 + 63, ei + 62) and cone(ei, ei + 62 + 63, ei + 
62 + 263). The variety Z144 satisfies the hypotheses of the Lemma [4.11 w.r.t. 
cone(e3, ei + 62 + 63, ei) and cone(e3, ei + 62 + 63, ei + 2e2 + 263). The variety 
.^145 satisfies the hypotheses of the Lemma l4.ll w.r.t. cone(e2, ei + 62 + 63, 63) 
and cone{e2, ei + 62 + 63, 2ei + 3e2 + 63). 

The variety Zi^q satisfies the hypotheses of the Lemma [4.3l w.r.t. cone(ei, ei + 
62 + 63, ei + 63) and coneiei, 61+62 + 63, ei + 62). Hence we have to study the 
blow-up of Zi46 along cone(ei, ei +62 + 63). This variety is Zuc, so there are no 
toric varieties with ample anticanonical bundle which are obtained from ^145 
by a sequence of blow-ups. 

The variety Z147 satisfies the hypotheses of the Lemma H31 w.r.t. cone(ei -I- 
62, 61 -I- 62 -I- 63, 62) and con6(6i -I- 62, 61 -|- 62 -I- 63, 26i -I- 62 -I- 63). Hence we have 
to study the blow-up Z^n of Z147 along con6(6i 4-62, 61 -f 62 -f 63). This variety 
satisfies the hypotheses of the Lemma 14.11 w.r.t. con6(62,6i + 62 + 63,63) and 
eori6(62, 61 -I- 62 -|- 63, 26i -I- 262 + 63)- Observe that we have classified the toric 
varieties with anticanonical bundle which are obtained from Zi by a sequence 
of blow-ups. 

The anticanonical bundle of Z2 is ample because A2(2) = {eor7,6(62, 63, 61 -I- 
62+63), con6(6i, 63, 61-1-62-1-63), con6(6i, 62, 61-1-62-1-63)} and A2(p) = {61, 62, 63, 

61 + 62 + 63}. The blow-ups of Z2 are, up to isomorphisms: i) the variety Z14; 
ii) the blow-up Z21 of Z2 along con6(6i, 62, 61 -I- 62 -I- 63); iii) the blow-up Z22 of 

Z2 along 60716(63, 61 + 62 + 63). 

Z21 satisfies the hypotheses of the Lemma HTTI w.r.t. con6(62, ei + 62 + 63, 63) 

and 60716(62, 61 -I- 62 -I- 63, 26i -I- 262 + 63). 

The anticanonical bundle of Z22 is ample because A22(2) = {eo7i6(6i, 63, 61-I- 

62+263), 60^6(61, 61-1-62-1-63, 61-f 62+263), C07l6(6i, 62, 61-1-62+63), 60716(62, 61 + 

62 + 63, 61 + 62 + 263),eori6(62, 63, 61 + 62 + 263)} and A22H = {61, 62, 63, 61 + 

62 + 63,61 + 62 + 263}. 

The blow-ups of Z22 are, up to isomorphisms: i) the variety Z143 which 
satisfies the hypotheses of the Lemma 14.11 ii) the blow-up ^221 of Z22 along 
60716(63, 61+62+263); iii) the blow-up Z222 of Z22 along 60776(61+62+63, 61+62 + 
263); iv) the blow-up Z223 of Z22 along eo7i6(6i, 61+62+263); v) the blow-up Z224 
of Z22 along 60716(61, 63); vi) the blow-up Z225 of Z22 along eon6(6i, 61+62 + 63); 
vii) the blow-up Z226 of Z22 along eo7i6(6i, 63, 61 + 62 + 263); viii) the blow-up 
Z227 of Z22 along 60716(61, 61 + 62 + 63, 61 + 62 + 263); ix) the blow-up Z228 of 
Z22 along 60716(61, 62, 61 + 62 + 63). 

Z221 satisfies the hypotheses of the Lemma l4.ll w.r.t. eon6(6i,6i + 62 + 
263, 61 + 62 + 63) and eo7i6(6i, 61 + 62 + 263, 61 + 62 + 863). Z222 satisfies the 
hypotheses of the Lemma HTTI w.r.t. eon6(6i, 61 + 62 + 263, 63) and con6(ei, 61 + 
62 + 263, 26i + 262 + 363). Z223 satisfies the hypotheses of the Lemma HTTI w.r.t. 
eo7Z6(6i+62+63, 61+62+263, 62) and 60/76(61+62+63, 61+62+263, 261+62+263). 

Z22A satisfies the hypotheses of the Lemma 14.31 w.r.t. eo776(6i,6i + 62 + 
263, ei + 62 + 63) and eo7i6(6i, 61 + 62 + 263, 61 + 63). Hence we have to study 
the blow-up Z224b of Z224 along eo7i6(6i, 61 + 62 + 263). This variety satisfies the 
hypotheses of the Lemma r4.1l w.r.t. eo776(6i, 61 + 62 + 63, 62) and con6{ei, 61 + 
62 + 63, 26i + 62 + 263). Z225 satisfies the hypotheses of the Lemma l43l w.r.t. 
eo7i6(6i, 61 + 62 + 263, 261 + 62 + 63) and con6{ei, 61 + 62 + 263, 63). Hence we have 
to study the blow-up .^2256 of Z225 along eon6(6i, 61+62+263). Z2256 satisfies the 
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hypotheses of the Lemma Hl^ w.r.t. cone(2ei + 62 + 63, ei +62 + 2e3, ei +62 + 63) 
and cone{2ei + 62 + 63, ei + 62 + 2e3, 2ei + 62 + 263). Hence we have to consider 
the blow-up 2'225c of Z225b along cone{2ei + 62+ 63, ei + 62 + 263). This variety 
satisfies the hypotheses of the Lemma HTTI w.r.t. cone{ei+e2+e^, 61+62+263, 62) 
and con6(ei + 62 + 63, ei + 62 + 263, 36i + 262 + 363). 

Z226 satisfies the hypotheses of the Lemma WJ\ w.r.t. con6(6i,6i + 62 + 
263, 61 + 62 + 63) and eon6(6i, 61 + 62 + 263, 26i + 62 + 363). Z227 satisfies the 
hypotheses of the Lemma [4.11 w.r.t. con6(6i + 62 + 63,61 + 62 + 263,62) and 
cone{ei + 62 + 63, 61 + 62 + 263, 36i + 262 + 363). Z228 satisfies the hypotheses 
of the Lemma [4. II w.r.t. con6(6i, 61 + 62 + 63, 61 + 62 + 263) and con6(6i, 61 + 

62 + 63, 261 + 262 + 63). □ 

Let G/H be a symmetric space of rank three such that the standard com- 
pactification Xq of G/H is wonderful. We introduce the following notations: 

• we denote by Xij the blow-up of Xq along {cone{ei, 6j), 0); 

• we denote by X123 the blow-up of Xq along the closed G-orbit; 

• we denote by Xi2z,ij the blow-up of X123 along {cone{ei, ej), 0); 

• we denote by Xi23^i the blow-up of X123 along {cone{ei, 61 + 62 + 63), 0). 

By [RII09] Corollary 2.1, if {G,e) = {Gi.O) x (£'2,6') and Xq is wonderful, 
then H = Hi x H2, where Hi := H D Gi. Given an 1-rank symmetric space 
Gi/Hi, let ipii''^) '■= ^2(0 + 2pQ — re*, rrii :— max{r : '0i(r)(a^) < 0} and 
rhi := max{r : '0i(r)(a/) < 0}. In Figure[3]are written the value of rrii and m^ 
for the various Gi/Hi. Moreover, we indicate by e (resp. by h) when Gi/Hi is 
exceptional (resp. hermitian non-exceptional). By an explicitly analysis we can 
prove the following theorems. 

Theorem 4.1 Let G/H he an indecomposable symmetric space of rank 3 such 
that its standard compactification Xq is wonderful. If X is a smooth Fano 
compactification of G/H obtained from Xq by a sequence of blow-ups along G- 
subvarieties, then it is Xq, X12, X13, X23 or X123. 13- More precisely, the Fano 
ones are those which appears in Figure^ 
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Xo, X12, Xi3, X23, ^12343 
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CII 


-'^O, Xi2, Xi3, X23, ^123,13 
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ET/N{Ee X C*) 
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Figure 4: Fano indecomposable symmetric varieties of rank 3 



Theorem 4.2 Let G/H be a symmetric space such that Xq is wonderful and 
such that (G, 9) — (Gi, 6) x (G2, 0) with rank Gi/Gf — i. If X is a smooth Fano 
compactification of G/H obtained from Xo by a sequence of blow-ups along G- 
subvarieties, then it is Xo, X12, X13, X23, X123, Xi23,i2, ^123,13, -^^123, 23; 
^123,1; ^123,12 or A'123. 3. More precisely, the classification of such varieties is 
as in Figure O In the second column, we indicate the conditions on mi so that 
X is Fano. 



Theorem 4.3 Let G/H be a symmetric space such that Xo is wonderful. Sup- 
pose that {G,9) = {Gi,9) X (G2,6i) x (G3,6') with rankGi/G^ = 1 and let Xr 
be the number of factors Gi such that 'ipi{r) is antidominant and regular. If 
X is a smooth Fano compactification of G/H obtained from Xq by a sequence 
of blow-ups along G-subvarieties, then it is Xo, X12, X13, X23, -'^'123; -^^123. 12 ; 
-''^123,13, -'^123,23; ^123,1; -'^^123, 2 orXi23,3. More precisely, we have the following 
classification (depending on G/H): 

* If Xi < 1, then the smooth Fano compactifications of G/H are Xo, X12, 
Xi3 and X23. In particular, there are four of them. 

• If xi — 2, then there are five Fano varieties. Let i < j be the indices such 
that i^iil) and V'j(l) o,re anti-dominant and regular. The smooth Fano 
compactifications of G/H are Xo, X12, X13, X23 and Xi23,ij ■ 
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Figure 5: Fano decomposable symmetric varieties of rank 3 
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• If {xi,X2) is equal to (3,0) or to (3, 1), then there are eight Fano varieties: 

Xq, Xi2, Xi3, X23, X123, ^123, 12, -^£^123, 13 and X 123 ^23- 

• If {xx,X2) = (3,2), then there are nine Fano varieties. Suppose that the 
il)j{2) with j ^ i are anti-dominant and regular, then the Fano varieties 
are: Xq, X12, X13, X23, X123, ^123,12; -^^123,13; ^123,23 and X 123^1. 

• If {x\,X2) = (3,3), then there are eleven Fano varieties: Xq, X12, X13, 

X23, X123, ^123,12; ^123,13; -^^123, 23; -^^123,1; ^123,2 and Xi23,3. 

Remark that the first part of the proof holds in a more general contest. 

Corollary 4.1 Given any wonderful G-variety Xq of rank 3 (even non sym- 
metric) and any Fano variety X obtained from Xq by a succession of blow-ups 
along G-stable subvarieties, then X is one of the following varieties: Xq, X12, 

X\3, X23, X123, -^^123, 12, -^123,13; -^^123, 23; -^^123,1; -^^123, 2 OrXi23,3. 

5 (Quasi) Fano symmetric varieties of rank 2 
5.1 Fano symmetric varieties 

In this section wc consider the quasi-Fano locally factorial symmetric varieties 
with rank 2 (and G only reductive). Remark that to individuate univocally 
a projective 2-rank symmetric variety with p injective over g^^{Q{D{X)) is 
sufhcient to give A[p]. We begin classifying the Fano varieties with G semi- 
simple. First, we consider two special cases: i) G/H is indecomposable, while 
X is neither simple nor toroidal; ii) X is toroidal. 

Lemma 5.1 Let X be a locally factorial projective symmetric variety. Suppose 
that G/H is indecomposable and that X is neither .simple nor toroidal, then 
Rcfi = ^2; H = G^ and J^{X) contains (cone(— a/ — a)^), 0). 

Proof. We do a case-to-case analysis. 1) Suppose Rofi = ^2 and H = 
N{G^). Then there is cone{aY,v) in A, with v := -fai '- §a^ e int{C-) 
primitive. We can write —LO2 as a positive integral combination of and v; 
thus y G {1, 2}. Moreover, < (-w, 02) = -f -|- ^, so < x < 2y. If y = 1, 
then v = -\-0J2) ^ X*{^)- If 1/ = 2, we have three possibilities: \) v = —UJ2 

which is not regular; ii) v = -|(u;|^+u;^) ^ X*{S)] iii) v = — — |a2 ^ X*{S). 

2) Suppose Rcfi = ^2 and H = G^. Then there is cone{ai,v) in A, with 
v := —xaX — ya2 primitive. Hence y = 1 because {ai,v} is a basis of X*{S)- 
Moreover, < {—v, 012) = + 2, so w = — — 0:2 as in the statement. 

3) Suppose that Rg,0 = B2 and that cone{ai,v) € A, with v := —xai—^a2 
primitive. We can write — = —ctX — ct^ ^ ^ positive integral combination 
of a\ and v; thus y e {1, 2}. Moreover, < (— w, Oi2) = —x -\- y, so < x < y. 
Therefore v = —0J2 is not regular. 

4) Suppose that Rafi = -B2 and that cone{a'^,v) e A. If H = N{G^), then 
{02, v} cannot be a basis of x*{S) — Za^ ® '^"f"- 

5) Suppose i?G,0 = B2 and H = G^. Suppose also that cone{a2,v) G A, 
with V := —xai — ya2 primitive. Then x = 1 because {a2,v} is a basis of 
X*{S). Moreover, < {-v, ai) = 2 - 2y, so < y < 1. 
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6) Suppose Ro.e = BC2 and cone{a( ,v) G A, with v := —xa( — ya^ 
primitive. As before y = 1- Moreover, < (— w, a^) = —x + 1, so < a: < 1. 

7) Suppose Rg,9 = BC2 and cone{a2,v) G A, with v := —xa^ — ya2 
primitive. As before x = 1 and < (— u, ai) = 2 — y, so v = —1^1 is not regular. 

8) Suppose Rg,0 = G2 and cone{ai,v) G A, with v := —xa^ — ya^ primi- 
tive. As before y = 1 and < {—v, a^) < —3x + 2, so < a; < |. 

9) Suppose Rg,9 = G2 and cone{a2,v) G A, with v := —xa^ — ya^ prim- 
itive. As before x = 1. Moreover, < {—v,ai) = 2 — y and < {—v,a2) = 
-3 -I- 2y; thus 3<2y <4. □ 

In the next two lemmas, we do not make any hypothesis on the regularity 
of X. 

Lemma 5.2 Let X be a Fano symmetric variety with G semisimple. Then 
J^{X) contains a,t m,ost three colored 1-cones. 

Proof. Suppose by contradiction that T{X) contains (ct, := cone{vi, Vi+i), 0), 
with i = 1, 2, 3 and wi, W2, ^3, W4 primitive. We can write V2 as a positive linear 
combination xvi + yv^ of vi and W4. Then k^.-^{vi) < k{vi) = 1, ka-2{vi) < 
k{v4) = 1 and 1 = /Co-^ {V2) = xk^^ {v\) + yk^^ {vi) < 0. □ 

Lemma 5.3 Let X he a Fano non- simple toroidal symmetric variety. Then 
Xq is smooth and A[p] is either {ei,ei -|- re2,e2} or {ei,rei -|- 62,62}. These 
varieties are smooth if and only if r = 1 . 

Proof. By the previous lemma, we have A[p] = {61, 62, v} for an appropriate 
V. First suppose that Xq is smooth, i.e. X*(S') = Z61 © Z62, and write v = 
XiCi + X2e2. For each «, let (Ji = cone{ei,v) and {i,i'^} — {1,2}, so k^- is 
6* -I- ^^^e*c. If xi > 2 and X2 > 2, then i^^J- and are strictly negative 

integers, so a;i > 2:2 -I- 1 > xi -I- 2, a contradiction. 

Suppose now that Xq is singular. Then Rce is either A2 or Ai x Ai. In 
the first case, 6^ = — 3w/ and the strictly positive integer cjj^ "'^2) lesser 
than ^k{—3u)i) + ) = a contradiction. 

Finally suppose R^e = Ai x Ai and x*{S) = Z2cj^ © Z(w^ + ^2 )■ Then, 
there is i such that — — W2 = av + b{—2ujy) with a,b>0. The integer a + b = 
k{—uji — W2) is strictly lesser than 2a;i) -|- ^A;(— 2a;2) = 1, a contradiction. 
□ 

Remark that the previous two lemmas apply also to a toroidal symmetric 
variety with —Kx ample, |^(-'^)| convex and generated by a basis of X*('^) 
(without supposing X compact). Now, we state the main result of this section. 

Theorem 5.1 Let G/H he a symmetric space of rank 2 (with G semisimple). 

• If a (projective) symmetric variety X is Fano then {p{D{X))) = D{X). 
If moreover X is locally factorial, then '^p{D{X)) = '^p~^ {p{D{X))) . 

• // Rg.0 is irreducible and X is a Fano locally factorial equivariant com- 
pactification of G/H, we have exactly the following possibilities for A[p]; 

1. A[p] = {ei,a(} if'^p~'^{a\) = 1 and Rg.0 is not G2; 

2. A[p] = {62,02} j/ttp~^(Q;2) = 1 o-'f^d Rg.0 is not B2; 

3. A[p] = {62, a^} ifRcfi = B2 and H = G" ; 
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4. A\p] = {-uj^, -Lj^} ifG/H ^ G2/(5i2 X SL2) and H = N{G'^); 

5. A[p] = {-2ujX, -w^} ifRce = B2 and H = G^• 

6. A[p\ = {a/,a^,-ai' - a^} if H G'^ and Rce = ^2; 

7. A[p] = {aX, -ujX - ^2^ -Sc^n (and A[p] = {a2\ -c.^ - ^2^ -3c^2^}; 
ifH = G^ andRG,e = A2; 

8. A[p] = {a/, - a;^, -4a;i^ - cj^, -2,ujX} (and A[p] = {a^, -lo^ - 
Lj^, -ljX - 4w^, -3w^} ) if H = G", Roe ^ ^2 and 6* 7^ -id ower 

x*(r); 

9. A[p\ — {ei, 62, ei + 62} i/ x*(S') = Zei © Ze2 and — 2p + 2po + e* 6 
int{C^) for each i. 

The previous varieties are singular in the following cases: 

- A[p] = {ci, a^} and i ^ 1,2 if Rgm = M; 

- A\p\ = {ei,aX} tfRce ^ B2, H ^ G" (and mO/H) = 2); 

- A\p] = {62, a^} i/i?G,e = BG2 (and mC/H) - 2). 

• Suppose (G, 9) = (Gi, 0) x (G2, 0) and let rui be as in section ^ If X*{S) 
= Z61 © Z62, we have the following locally factorial Fano varieties: 

1. A[p\ = {61,62}; 

2. A[p] = {61,62,61 + 62}; 

3. A[p] = {aX,-aX,~raX +e2} if r < m2 + I and ftp-iK) = 1; 
4- A[p] = {q!2 , ~a2 , 61 — ra^} if r < mi + 1 and jjp"^ (q!2') — 1' 

5. A[p] — {aX , ~aX , —raX + 62,— (r + l)aX + 62} if r < TO2 and 

6. A[p] = {a2,— q;2:6i ~ ^0^2 i^i ^ + 1)0^2} ^ ™i and 

7 A[p] = {ay,a^,-<-a2n if^D{G/H)^2. 
Only the first two are smooth. 

• If G/H is decomposable but x*{S) — '^{^ctX + 50^2) ® Za2 , we /laue i/ie 
following locally factorial Fano compactifications of G/H: 



1. A[p] 


= {<, 




iaX~ 








2. A\p] 


= {<, 




2r+l 
2 


"i - ia2} */0 < r < 


"12 + 1 . 

2 ' 




3. A\p] 


= {«2^ 






-^"2^ */0<r< 


JTli + l . 

2 ' 




4. A[p] 


= {<, 




2r+l 
2 




a^} ifQ < r 


^ m2-' 
— 2 


5. A\p] 


= {«2^ 


-a^2, 




2 "2; 2"-! 2 


an */0 < r 


^ mi-: 
— 2 



T/ie /irst is smooth, while the other ones are smooth if and only if r = 0. 



Remark that, supposing Rg,0 = ^1 x ^1, the have the same value if 
X*{S) = Z(a;;^+w^)®Z2a;^ or if H = G" . Moreover, iD{G/H) = 2 if x^S") = 
Z(u;^ + ) © Z2a;2 , because any n E H \ G^ exchanges the colors of G/G^ 
associated to the same coroot. 



20 



Proof. The first property holds because —Kx is linearly equivalent to a 
G-stable divisor. Let := {2p — 2po){a)^) for each i; recaU that ai, 02 > 1 (see 
32). In the following we always suppose •ip{D{X)) = tJp-i(p(D(X))). 

I) Suppose X simple. If X is toroidal (i.e. X = Xq) have to exclude 
the following cases by ^ i) G/H = G2/{SL2 x S'La); ii) RG,e = A2 and 
H ^ G'^- iii) i?G,0 = X Ai and x^-S) = ^SwJ^ ® ^(a;^ + W )■ In the 
first case is not Fano, while in the last two cases Xq is not smooth. If 
p{D{X)) = {«! }, then 6 is indecomposable because G{X) is strictly convex. 
Moreover, A[p] = {a^,ei = —xia^ — X2a2} and kx — fli^i — '^^^^uj2; so 
kx{ct2) < < 0.2- Thus we have only to verify if X is locally factorial. We 
have to exclude two cases: 1) A(2) = {cone{ai , —uji)} and i?G,e = G2', 2) 
A(2) = {cone(a^, -w^)}, i?G,e = ^2 and H = N{G'^). 

II) Suppose now that X is not simple. In the toroidal case A[p] = {ei, 62, ei + 
62} and is smooth by Lcmma l5.3l This variety is Fano if and only if —2p + 
2pQ + e* is antidominant and regular for each i. Ill) Assume moreover that X 
is not toroidal. Suppose first 9 indecomposable. Then, by Lemma ISTTl Rce — 
A2, H = G^ and A(2) contains cone(a^,— — ofj)' ^p to reindexing. If 
p{D{X)) contains also a)^ then A(2) = {cone{a(, —a( — a2),cone{a^, —a( — 
02)}- Moreover, kx{aX) — kxia^) = and kx{~aX — a^) > 1, so kx is 
strictly convex. 

If p{D{X)) = {a^}, then A[p] contains -3w^. Remark that {-a( - 
a2, —3uji} is a basis of x*{S)- By the Lemma [5.31 we have two possibilities for 
A[p]: {a^,-a^-a^,-3a;i^} or {a^,-a^-a^,-4w^-w^,-3w]'}. In the first 
case there are not other conditions because the weights of k are ai^i — (oi + l)a;2 
and —LU2. In the last case we have to impose that ai, 02 > 1. Indeed the weights 
of k are aiWi — (ai + 1)'^25 ~ct2 and —uji + uj2- Moreover (— Q!2)(Qf^) < ai and 
{—LOi + a;2)(a2 ) < '^a- In [JH we have seen that ai < 1, 02 < 1 if and only if 
9 = -id. 

IV) Suppose now 9 decomposable. First suppose D{X) = D{G/H). Then 
A(2) contains cone{aY , x{~maY — 0:2)) and cone{Q.2 , x^—a^ — ra"^)) with x S 

Remark that M+(-ma^-a^) = R+ {-a^ - :^a^) and a;(-a^ - ra^) ^ 
corte(a^, a;(— ma^ — a2)) so r < ^. Therefore A(2) = {cone(a^, a;(— — 
a'^)),cone{a'^,x{~a'( ~a^))}. 

V) Suppose now that p{D{X)) contains exactly one coroot, say a^. Suppose 
Xq smooth and let ctq cone{a\, —moi + 62) be in A(2). The case with Xq 
singular is very similar. We can apply the Lemma 15.31 to the maximal open 
toroidal subvariety X' of X (whose colored fan has support cone{—a'(, —ma^ + 
62)). There are two possibilities for Ax'- its maximal cones are either {cti := 
cone{—ai , —maX + 62)} or {ci := cone{—raaX + 62, — (m + l)aX + 62), (J2 ■= 
cone{-~a\ , — (to + 1)0:^+62)}. In the first case the unique non-trivial condition 
is kcr-^^{a2) < 02, which is equivalent to the following one: fco-j(a2) = (V'2(w — 
1))("^2) < 0. In the second case the unique non-trivial condition is fccr2(a2) = 
(V'2(™))(a^) <0. 

Now, we verify the smoothness of such varieties. First, we explain the con- 
ditions for a projective locally factorial symmetric variety X with rank two to 
be smooth (see jRu07) . Theorems 2.1 and 2.2). Let F be a open simple G- 
subvariety of X whose closed orbit is compact; then the associated colored cone 
(C, F) has dimension two. Write G = cone{vi, V2) and let = cone{vl, u^) be 
the dual cone; we take vi and V2 primitive. If X is smooth then p is injective 
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over F and p{F) does not contain any exceptional root. Suppose such conditions 
verified and let R' the root subsystem of i?G,e generated by the simple roots a 
such that € p{F) and '^p~^{a^) — 1. If there is not such a root, then Y is 
smooth. Otherwise Y it is smooth if and only if: i) R' has type Ai, ii) up to 
reindexing, 5 (2^5' — ^2) is the fundamental weight of R' . 

Suppose now that C = coneia^, —ra\ —ct^) with -~ra\ — 0^2 primitive. If X 
is Fano, then 'i^p^^{a() = 1. If moreover 9 is indecomposable, then i?G,0 = ^2, 
H = and r = 1. Furthermore R' is Ai and = cone(u* = wi — 0^2, ^2 = 
-UJ2)- Hence i(2i;i* = thus Y is smooth. If G/G^ = d/G? x G2/G^, 
then R' = i?Gi,e, H = G\-k (HnGz) and G^ = cone(u^ = -rw2,w5 = -wa). 
Hence i?Gi,e has to be Ai and ^{2vl—V2) = uJi + {^—r)uj2 has to be ^ai. Thus F 
is not smooth. Suppose now that Rg,0 — Ai x Ai, x*(S') = ^2^^ ©Z(a;^ +^^2) 
and G = cone(ai',-^a^ - ^a^). Then R' is Ai and = cone(wif = 
wi — (2r + l)a;2,W2 = ^2^2); moreover, 5(2w2 — Wj) = wi — 2rw2; thus F is 
smooth if and only if r = 0. The other cases are similar. □ 

Using the Lemma 15.31 one can easily prove the following proposition: 

Proposition 5.1 Let G/H be a symmetric space of rank 2 with Xq smooth. 
If 9 is indecomposable, the Fano toroidal compactifications of G/H are as in 
figure If 9 is decomposable, let mi be as in f^} Then, the Fano toroidal 
compactifications of G/H are the following ones: 

• ^[P] = {61,62}; 

• A[p] = {ei, 62, rei + 62} with r < TO2 + 1/ 

• A[p] — {ei, 62, ei + rea} with r < mi + 1. 

5.2 Smooth quasi Fano varieties 

Now, we want to classify the smooth (resp. locally factorial) quasi Fano sym- 
metric varieties with rank two and G semisimple. A Gorenstein (projective) 
variety is called quasi Fano if its anticanonical divisor is big and nef. 

Theorem 5.2 Let G/H be a symmetric space of rank 2 (with G semisimple) . 

• The nefness of the anticanonical bundle of a compactification of G/H 
depends only by the fan associated to the colored fan ( and not by the whole 
colored fan). 

• The fans of the locally factorial quasi Fano (but non-Fano ) compactifica- 
tions of an indecomposable symmetric space of rank 2 (with G semisim- 
ple) are whose in Figure^ (we have also to request that p is injective over 
D{X)). Such a variety is singular if and only if p{D{X)) contains an 
exceptional root. 

• If (G,9) = {Gi,9) X {G2,0), let rrii and rhi as in ^ Supposing x*{S) = 
Zei©Ze2, letvj{i) := —ia'j-\-ejc and Wj{x,y) :— —{xy-\-l)aj-\-yejc. We 
have the following locally factorial quasi Fano compactifications of G/H, 
which are not Fano (we always suppose p injective over D{X)): 

1. A[p] = {a(,-a(,vi{r),vi{r + l),...,vi{r + s)} if i) s = 0,1, ii) 
r + s < m2 + 1, Hi) either r + s > m2 + 1 or '^p~^(a\) = 2; 
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Figure 6: Fano toroidal indecomposable symmetric varieties with rank 2 



23 



2. A[p] = {a^,-a^,W2W,t;2(r + l),...,V2(r + s)} if i) s ^ 0,1, ii) 
r + s < fill + 1; Hi) either r + s > mi + 1 or '^p^^ia'^) — 2; 

5. A[p] = {a^,-a^,wi(r),t;i(r + l),...,wi(r + s)} if i) s > 2 and ii) 
r + s < 7712 + 1; 

A[p] = {a2 , ~a2,V2{r), V2{r + 1), V2{r + s)} if i) s > 2 and ii) 
r + s < fhi + 1; 

5. A[p] = {a^ , —a^ , —rai + e2,wi{r,l), ...,wi{r, s)} if r < fh2 and 
2 < s < TOi + 1; 

6. A[p] ~ {a2 , — a2, — ra2 + ei, u;2('', 1), fi'2(r, s)} i/ r < mi and 
2 < s < TO2 + 1; 

7. A[p] = _oV} ^f^D{G/H) > 2; 

8. A[p] = {ei, ei + 62, ei + 2e2, ei + (s - l)e2, ei + se2, 62)} «/ 2 < 
s < mi + 1; 

5. A[p] {e2, ei + 62, 2ei + 62, (s - l)ei + 62, sei + 62, ei)} i/ 2 < 

S < 1712 + 1- 

These varieties are smooth if either they are toroidal or if Va^ G p{D{X)), 
tt/9-i(a^) = 2 and 2a^i?G,e- 

• If G/H is decomposable but x*{S) = 1i{\a\ + 502) ® Zaj; "Vjii) '■= 
-^^a) - \a). and Wj{x,y) := _ 2^W2 ^v „ _ ^^^g 
lowing locally factorial quasi Fano compactifications of G / H , which are 
not Fano: 

1. A[p] = {aX, -aX,vi{r),vi{r + 1), ...,vi{r + s)} if i) r > 0, ii) s > 2 
and iii) r + s< 

2. A[p] = {a^,-a^,W2(r),W2(r + l),...,W2(r + s)} if i) r > 0, it) s > 2 
and iii) r + s< ; 

3. A[p] = {aX, -aX ,vi{r),vi{r + l), ...,vi{r + s)} if i) r > 0, ii) s = 0, 1 
and lit) <r + s< Si^; 

4. A\p] = {a^,-aX,V2{r),V2{r + l),...,V2{r + s)} ifi)r>0, izj s = 0, 1 
and iii) < r + s < ^i^^; 

5. A[p] = {ar,_ar,-^a^ - ia2\ z«i(r, 1), u;i(r, s)} if i) r < 

and ii; 2 < s < mi + 1; 

6. A[p] = {a^,-a^,-i< - ^^^v^ w'2(r, 1), u;2(r, s)} z/ r < 

and iij 2 < s < 7712 + 1; 

7. A[p] = {-ar,-a2^-K-K}• 

T/ie Zasf variety is smooth, while the other ones are smooth if and only if 
r = 0. 

The idea of the proof is to utihze Theorem IS . ll thanks to the following lemma. 
Remark that, when 9 is indecomposable, if —Kx is nef it is also big (see tjl.6p . 

Proof. The first property holds because the inequalities in the conditions for 
the nefness of a Cartier divisor are not strict. I) First suppose p non-injective. 
We have to consider the varieties whose fan is as in Theorem 15.11 but which 
are not Fano because ttp~^(p(£'(X)) ^ '^p{D{X)). In such cases p has to be 
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injective over D{X), so that X is locally factorial. If 6 is indecomposable we 
have the following possibilities: i) Rc.e — BC2 and A(2) = {cone{a2 , —UJ2)}] 
ii) Rafi = B2, H — and A(2) = {cone{aX, — 2a;i)}. If 9 is decomposable, we 
have to consider all the possibilities listed in Theorem 15.11 which correspond to 
non-toroidal varieties with x*{S) = Zei © Ze2. We have also to substitute the 
conditions of type ipiim) < with the corresponding conditions ipi{m) < 0. 

Lemma 5.4 Let X be a projective symmetric variety with —Kx nef, then there 
is a symmetric variety X' below X such that the piecewise linear function asso- 
ciated to —Kx' is strictly convex (over the colored fan of X' ) and coincides with 
the function associated to —Kx- If X is toroidal, we can choose X' toroidal. 

Proof of Lemma \5.4\ Let A' be the fan whose maximal cones are the maximal 
cones over which kx is linear. Given any cone C G A', define Fc as {_D e 
D{G/H) : p{D) G C}. We claim that {{C, Fc)}cGA'.intcnc-=^0 is a colored 
fan associated to a symmetric variety which satisfies the conditions of the lemma. 
Remark that |A'| = \F{X)\. We have only to prove that the maximal cones of 
A' are strictly convex. Let C — corie(a^, a^, — w)^, — tn^) e A'(Z) (with 
•07^ , . . . , zz7^ dominant) and suppose by contradiction that it contains the line 
generated hy v — J2l=i '^i'^i ~^J2'j=i Then C contains also Ru', where 

v' — '^bj{—vj^)] indeed —v' = — t> + ^a,;a^. Write —v' — X^aefic e ^^^'^ 
C contains all the such that Cq, ^ 0, because —v' € CnC"*" and any spherical 
weight is a positive rational combination of the simple restricted roots. Thus, 
if v' ^ 0, kc[-v') = Ecafcc(a^) > 0, while kcW) = Y.hkc{~^)) > 0. 
Suppose now that v — J2l=i ^i^h Oj ^ 0. Then C contains Raj. Write 
— aj = + '^ith positive coefficients, then there is jo 

such that bja ^ 0. So fcc(— aj) > ^jo > and kcioj) > 0, a contradiction. □. 

II) Suppose X toroidal and let X' be as in Lemma 15.41 li X' = X and 
is simple, then G/H — G2/{SL2 x SL2). \i X' ^ X and is simple, then it 
must be singular. Otherwise, given any w — xici + 2:262 £ Ax[p] \ Ax'[p], we 
have Xi G Z^'^ and xi + X2 = k{w) = 1. If RG,e = ^2 and H — G^ , then 
kx — —^{^1 + ^2) ^ x{S), so X is not locally factorial. Thus Rcfi — Ai x Ai 
and x*{S) = Z2a;J^ ® Z(cj^ +w^). Let w = -xiaX-X2a^ be in Ax[p]\Ax'[p]; 
then 2xi, 2x2 S and X1+X2 = k{w) is 1. Thus Ax[p] — {— Q^i , —ct2, — — 
^0:2}. In this case —Kx is nef but non- ample. 

If X' is not simple, then the standard compactification of G/H has to be 
smooth because of Lemma 15.31 So it is sufficient to prove the following lemma. 

Lemma 5.5 The smooth toric varieties birationally proper over with nef 
anticanonical divisor are, up to isomorphisms, A'^ and the varieties Z^, where 
Zra is the variety whose fan has maximal cones {cone{ei, ei + e2),cone(ei + 
62, ei + 262), cone(ei + (m - l)e2, ei + 77162), corie(6i + TO62, 62)}. 

Proof of Lemma \ 5.5\ The piecewise linear km function associated to the 
anticanonical bundle of Zm is linear on con6(ei, ei +77162). It is easy to see that 
thus such function is convex. 

Now we show that, given any Z as in the hypotheses, it is isomorphic to 
Zm for an appropriate m. Notice, that any smooth toric variety birationally 
proper over is obtained by a sequence of blow-ups. Thus there is nothing 
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to prove if jJA[p] < 4. Suppose now that jlA[p] > 4; we claim that up to 
isomorphisms, A contains cone(ei,ei + 62) and cone{ei + 62,61 + 262). We 
know that r = ]R-'^(ei + 62) is contained in A. 

First of all, we determine the restrictions of k to the cones containing r and 
afterwards we will determine the cones themselves. Let a = cone{ei + 62, &iei + 
6262) G A(2) be a maximal cone containing r and write = xie\ + ^262, 
so {k„){ei + 62) = xi + X2 = ^ and Xi — {ka-){ei) < 1 for each i. Hence 
k(r is 6* for an appropriate i and bi = (A:o-)(6i6i + 6262) = 1. Because of the 
non-singularity of Z the only possibilities for a are cone{ei + 62,61), cone{ei + 
62,62), con6(6i + 62,61 + 262) and eon6(6i + 62,26i + 62). The fan A does 
not contain both eon6(6i + 62, 61 + 262) and cone{ei + 62, 26i + 62); otherwise 
^cone(ei+e2,ei+2e2)(2ei + 62) = 2 > 1 = fc(26i + 62). Observe that if A contains 
cone(6i + 62,261 + 62), then Z is isomorphic to a variety whose fan contains 
cone(6i + 62,61 + 262) by the isomorphism induced by the automorphism of 
X*{S) that exchanges 61 and 62. So the claim is proved. 

Because of the non-singularity of Z, A contains a cone a = cone{ei+me2, 62) 
for a suitable integer m; we want to show that Z is Z^- Let Z' be the open 
toric subvariety of Z whose fan A' is A\{con6(6i + m62, 62), 00716(62)}. 

We claim that, for each integer r > 1, there is an unique variety Z'^ with the 
two following properties: 1) the fan A^ of Z'^ has support eon6(6i,6i -l-r62); 2) 
Z'j. is an open subvariety of a toric variety Zr with nef anticanonical bundle and 
birationally proper over A'^. In particular, the anticanonical divisor of Z'^ is nef. 
The open subvariety Z'^ of Zr whose fan is Aj.\{con6(6i -I- r62, 62), 00716(62)}, 
satisfies these properties. So it is sufficient to prove the claim. 

We show the claim for induction on r. We have already verified the basis of 
induction. Let Z^ be a variety that satisfies the hypotheses of the claim and let 
a' be the unique cone in AJ,(2) which contains 61 -I- 762. Because of the inductive 
hypothesis it is sufficient to show that a' — cone{ei + 762, 61 + (7 — 1)62). 

Let k be the function associated to the anticanonical bundle of a fixed Zr- 
Let ka-> = xie\ + 2:262, then 1 — fco-/(6i -I- 762) = xi + rx2 and Xi = kai{ei) < 1 
for each i, so the unique possibilities for k^' are 6* and —(7 — 1)6* + 63. Write 
a' =^ cone{ei + 762, v) with v = ciCi + 6262 primitive. If k„i — —(7 — 1)6^ -|- 63, 
then C2 = (r — l)ei -|- 1 because (—(7 — 1)6* -I- 62)(w) = 1. Because of the 
non-singularity of Z we have ei — 1 = ±1, so there are two possibilities: either 
cr' = co7i6(6i + 762,62) or a' = eon6(6i -|- 762, 26i -f (27 — 1)62). We exclude 
the first one because 62 does not belong to |AJ,|. We exclude also the second 
one because fccone(ei.ei-i-e2)(26i -I- (2r — 1)62) — 2 > k{v). If ka' = 61, then 
ci = ka'{v) = 1. Because of the smoothness of Z we have 62 — 7 = ±1. 
Again, we exclude 61 -f (7 -I- 1)62 because it does not belong to |A'.|. Thus 
a' = C07i6(6i -I- 762, 61 -l- (r — 1)62). □ 

Suppose Ax[p] — {ei, 61 + 62, 61 + 262, 61 -I- 762, 62}. Then -Kx is nef if 
and only if —2p + 2po + el and ~2p + 2pQ — (r — 1)6* -I- 62 are antidominant. In 
such a case, if 9 is decomposable, then the sum of these weights is regular, so 
—Kx is big. If 7 = 1 and the previous weights are regular, then —Kx is ample. 
Remark that if r = 1 and 9 is decomposable, such weights are always regular. 

Ill) If X is not toroidal and 9 is indecomposable, let X' be as in Lemma 
15.41 By Lemma ISTTI and Theorem 15. 11 Rcfi = ^2, H = and Ax'[p] contains 
properly {aX, —aX — a^, — Sw^}, up to reindexing. By Lemma [5751 we have two 
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possibilities for Ax'[p]: i) {a^ , - w^, -4w^^ - w^, ~5uj^ - 2w^, ~(r + 
3)w^ - rcj^, -3wi^} and ii) {a^, ~uj^ - uj^, -Au:\ - uj^ , -7wJ^ - w^, -(3r + 
lK-^v^_3c.v}. 

Recall that Ui = {2p—2po){a^). In the first case k is linear over cone{ai , — w^ — 
UJ2), <J '■— cone{—uJi—uj2, — (r+3)w^ — rwj ) and cone(— (r + 3)cj]^ — rcjg , — 3w^). 
The unique non-trivial condition is fccr(a^) = r < ai. In the second case k 
is linear over cone(a;^, — — "^2 )' cone(— — w^, — (3r + I)w^ — ) and 
a := cone(— (3r + — w^,— 30;!^). The unique non-trivial condition is 

ka-{ct2) = 2r — 1 < 02 (or equivalently ka-{a2) < 0). If r = 1, then 9 = —id over 
X*(T) so that —Kx is not ample. 

IV) Finally, suppose X non toroidal and 6* decomposable. Suppose also 
Xq smooth; the case Xq singular is very similar. By the proof of Theorem 
01 p{D[X)) cannot be p{DiG/H)). If piD{X)) = , then, by the local 
factoriality of X, ei = —ai and there is r g Z^*^ such that a :— cone[ai,v' — 
—ra( -f 62) G A. We apply Lemma l5.4l to the maximal open toroidal subvariety 
of X (whose colored fan has support cone{—a\ ^ ''^'))- Then, by Lemma 15.51 A[p] 
has to be {-a^,v', -a^ + v' , -a^ + 2v' , -a^ + sv' , a^}, {-a^,v', -a^ -I- 
u', -2a'( + v', -saX -f v' , a(} or {-<, v' , aX). 

In the first case, k is linear over cone{a( , v'), ui := cone{v' , —a( + sv') and 
(72 := cone{—a\ -I- sv' , —a\). The non-trivial conditions are k„-^^{a\) < and 
fcCT2(ck2) — ^ (o'^ equivalently s < fhi + 1 and r < 1712)- If s = 1, then r > m2 
because —Kx is not ample. In the second case we can suppose s > 2; A; is linear 
over cone{ai ,v'), ai := cone{v' , —saX + v') and 172 '■— cone{—saX + v' , —aX). 
The unique non-trivial condition is kij^i^c^^) ^ 0, or, equivalently, r-t-s — 1 77^2. 
In the first two cases k„^{a^) < and ka2{cti) < 0, so ~Kx is big. In the last 
case, we proceed as in the proof of Theorem 15. 11 obtaing r7i2 + 1 < r < ffi2 + 1. 
Moreover, A:co„e(a^,«')("2 ) < and k^onei-aX ,v'){oiX) < 0, so ~Kx is big. 

We can study the smoothness of all the previous varieties as in the proof 
of Theorem 15.11 Remark that ii H — , 9 is decomposable, jj/9^^(a^) — 2 
and {C{Y),D{Y)) = {cone{aX ^—raX — Q!2),i^), then Y is smooth if and only 
if jJ-F = 1 and ai is not exceptional (but Y cannot be an open subvarieties of 
a Fano variety). The symmetric varieties in the statement are all projective. 
Indeed, if ^x[p] = {ei, ei -1-62, ei -|-2e2, ei + {s — l)e2, ei -\- se2, 62)}, then the 
following divisor is ample: -pKx + Si=i ^^-^ei+ies +™Z]d(g///)\d(X) ^ '^i^^ 
p, m » 0. Indeed the piecewise linear function associated to X]i=i *^-Dei+ze2 is 
strictly convex on {C G Ax : C C cone{ei,ei + 52)}- Moreover, kx is strictly 
convex on the fan with maximal cones cone(ei,ei + S2) and cone(ei + 52,62). 
The other cases are similar to this one. 

5.3 Symmetric Fano varieties with G reductive 

In this section we consider the 2-rank locally factorial Fano symmetric varieties 
over which acts a group G which is only reductive. If G is a torus, then X is the 
projective space. So, we can suppose G = G' xC* with iJnC* — (C*)^ = {±id}. 
Write x*(C*/{±id}) =Z/. 

liRG,9 = BCi, then iJ = and x*{S) = Z/eZa^. Instead, if i?G,e = 
there are three possibilities: 1) x*iS) = Z/ ® Za^ and = G^; 2) x^-?) = 
Z/ © Zia^ and 71 = Ng'{G'^) x {±1}; 3) x*{S) = Z/ © Z^^^. In the last 
case H is generated by G^ and by nin2, where ni e AfG'((G')®) \ {G'Y and 
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Figure 7: quasi-Fano indecomposable symmetric varieties with rank 2 
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712 G C* has order four; in particular [G^ : H] = 2. Let e be the primitive 
positive multiple of and let {e*, /*} be the dual basis of {e, /}. 

Theorem 5.3 Let G/ H be a symmetric space of rank two, such that G is nei- 
ther semisimple nor abelian. As before, write 'ip{r) = —2p + 2po — re* and 
mi := max{r : ip{r) < 0}. The Fano locally factorial compactifications ofG/H 
are the following ones: 

1. A[p] = {/,-/,e + rf] if x*{S) = Ze © Z/, r e Z, r < mi + 1 and 
—r < nil + 1; 

2. A[p] = {/, -/, e + rf, e + {r + 1)/} if x*{S) = Ze © Zf, r e Z, r < mi 
and — r < mi + 1; 

3. A[p] = {a\-/,-a^ + /} (and A[p] = /, -a^ - f}) z/x*(5) = 
Za^ © Zf and iD{G/H) = 1; 

4. A[p] - {a\ -f, -a\ -a^ + /} (and A[p] = {a\f, -a\ -a^ - /}; if 
X*{S) = Za^ © Zf and ^D(G/H) = I; 

5. A[p] - {/, -f,-\a' + 2r±lf^ ^ z/©Z(^), r^Z,r<^-^ 
and -r < 2^^; 

6. A[p]={/,-/,-iaV + ^/,-iaV + ^/} ifx4S)^Zf®Z{^), 
reZ,r< and -r < ; 

7. A[p] = {a\ + i/, -ia^ - i/, -a^} x*(5) = Z/ © Z(^); 

9. A[p] ={a\-/,-ia^ + i/} fand A[p] = {a\ /, -^a^ - i/}; z/x*(5) = 
Z/©Z(ii^); 

iO. A[p] = {aV,-/,-ia^ + i/,-iaV„ 1^} ^^^rf A[p] = {a^,/,-ia^ + 
i/, -ia^ - i/i; ifx*iS) = Z/ © Z(^i^). 
T/ie on/?/ singular varieties are the ones in the cases 3) and 4-)- 

Observe that X cannot be simple because the valuation cone is not strictly 
convex. We begin with a lemma similar to Lemma 15.21 

Lemma 5.6 Let X be a Fano locally factorial symmetric variety with G as 
before. If X is toroidal, there are at most four colored 1-cones. Otherwise, there 
are at most three colored 1-cones. 

Proof of Lemma \ 5.6[ First suppose X toroidal. Then k{±f) = 1. Let 
a G A(2) be a cone which does not contain neither / nor — /, then ka{±f ) < 0. 
So fc(j is a multiple of e*. If there is another cone a' G A(2) with the same 
properties (and such that dim (^aCla') — 1), then k^ — kfji . If X is not toroidal, 
we can study the maximal open toroidal subvariety X' of X as in Lemma 15.21 
(because |J^(X')| is strictly convex). □ 

Proof of Theorem \5.3\ We have to request, as in Theorem l5.11 that '^p{D{X)) 
= y-^{p{D{X))), but in this case ^p{D{X)) < 1. If X is not toroidal, then 
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e = —a^i because there is an appropriate cone{a^ ,v) in A (2). Suppose first 
that x*[S) — TLe <S) Z/. We have to consider the following cases: 1) If A[p] = 
{/, — /, w}, then V — e + rf because {/, ?;} is a basis of x*(S'). We have to impose 

that fccone(/,e+r/)(a^) ^|J{r~l){a^) < and that fcco«e(-/,e+r/)(a^) = ip{~r~ 
l)(a^) < 0. 2) Suppose A[p] — {/, —f,vi,V2}- As before Vi = e + Xif; moreover 
xi — X2 H because {vi, U2} is a basis of x*iS)- Suppose xi =2:2 + 1. We have 

to impose kcone(f.e+ix2+l)f){oi'^) = ■4'{x2){a'^) < and fcco„e(-/,e+£C2/)("^) = 

'i{j{-X2 - l)(a^) < 0. 

3) Suppose A[p] ~ {a^, — /, v}. Then v = — + rf = —ma^ ± / because 
X is smooth. But — / is not contained in cone{a^ ,v), thus v — + /. 4) 
Suppose A[p] = {a^, — /, ui, W2} and A(2) = {coneia^ ,vi),u := cone{vi, V2), 
cone{—f,V2)}. Then vi ~ —ma'^ + f a.nd V2 = —Q^+rf. Observe that R-^wi = 
R-°(— + m-^)' so r < 0. Furthermore V2 — rvi = —(1 — rm)a^ = zba^, so 
mr is or 2. Thus V2 — —a^. Moreover h„{—f) = to — 1 < 1, so wi = —a^ + /. 

5) Suppose A[p] = {a^,wi,W2} and A(2) = {cone{a^ ,vi), cone{vi, V2), 
cone{a'^ , V2)} ■ Thus vi — —ra^ + / and V2 — ~ma^ — f with r, m > 0. 
Moreover, vi + V2 = —{r + m)o^ = ±a^, a contradiction. 6) Suppose A[p] — 
{a^, Ui, U2, W3} and A(2) = {cone{a^ ,vi),a := cone{vi,V2),cone{v2,V3), cone 
(a^, W3)}. Write V2 — —xol^ + yj . By the smoothness of X, v\ — —roi^ + /, 
W3 = —ma"^ — f, X — —my ± 1 and x — +ry ± 1. The last two conditions, plus 
a; > imply that V2 — — a^. Moreover k^lv^) = m + r — 1<1, a contradiction. 

Now, suppose X* 

(S) = © Z/. 1) The toroidal case can be studied 

as before. 2) Suppose that A(2) contains two cones a± := cone{v±,a^). Let 
w = ia^ + y. We have v+ = -^^a'^ + \f = "(2^ + 1)" + (m + 1)/ and 
w_ = — "^"^^ ^ 5/ ~ — (2r + \)u + r/ with TO,r > 0. First, suppose that 
there is another v = —xu + yf in A[p]; here a; > 0. By the smoothness, we 
have x{m + 1) = y{2m + 1) ± 1 and xr = y(2r + 1) ± 1. Thus x[{m + l)(2r + 
1) - r{2m + 1)] = ±1 =F 1, so x{m + r + 1) = 2, x{m + 1) = y{2m + 1) + 1 
and xr — y(2r + 1) — 1. If a; = 1, then the previous three equations are not 
compatible. Instead, if x = 2 then A[p] — {a^ , —^a^ + — a^, —^a^ — ^/}- 
Next, suppose that A[p] = {a^,w+,u_}; in particular {u+,u„} is a basis. Thus 
v++V- = -(to + r + = ±a^, so A[p] = {a^, -ia^ + i/, -^a^ - i/}. 

3) Finally, suppose that A[p] contains and — /. Then A contains a = 
cone{a'^ ,vi) and cone(— /, U2), with vi — — ^™+^ + i/, to > and 1)2 = 
-ia^ - If = V2, then A[p] = {a^, -/, -^a^ + i/}. Otherwise, by 

Lemma l5.6[ A contains cone{vi,V2). Furthermore, (2r+l)wi+z;2 = ±a^, hence 
(2r + 1)(2to + 1) is 1 or -3. But r > because V2 ^ cr, so = ~\oi^ + / and 
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